Distributing entangled photon pairs over noisy channels is an important task for various quantum information protocols. Encoding an entangled state in a decoherence-free subspace (DFS) formed by multiple photons is a promising way to circumvent the phase fluctuations and polarization rotations in optical fibres. Recently, it has been shown that the use of a counter-propagating coherent light as an ancillary photon enables us to faithfully distribute entangled photon with success probability proportional to the transmittance of the optical fibres. Several proof-of-principle experiments have been demonstrated, in which entangled photon pairs from a sender side and the ancillary photon from a receiver side originate from the same laser source. In addition, bulk optics have been used to mimic the noises in optical fibres. Here, we demonstrate a DFS-based entanglement distribution over 1km-optical fibre using DFS formed by using fully independent light sources at the telecom band. In the experiment, we utilize an interference between asynchronous photons from cw-pumped spontaneous parametric down conversion (SPDC) and mode-locked coherent light pulse. After performing spectral and temporal filtering, the SPDC photons and light pulse are spectrally indistinguishable. This property allows us to observe high-visibility interference without performing active synchronization between fully independent sources.
INTRODUCTION
Sharing entanglement between two distant parties is an important prerequisite to realize quantum internet [1, 2] including quantum key distribution [3, 4] , quantum repeaters [5] and quantum computation between distant parties [6, 7] . When the sender prepares entangled photon pairs between signal and idler photons and then sends the signal photon to the receiver through an optical fibre, the amount of the entanglement becomes smaller or completely destroyed mainly due to phase fluctuations and/or polarization rotations in the optical fibre, unless those fluctuations and rotations are actively stabilized. One of the promising ways to overcome these disturbances is the use of a decoherence-free subspace (DFS) formed by n photons [8] . So far, many types of DFS-based photon distributions have been experimentally demonstrated [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . A drawback of such DFS protocols is that the efficiency is proportional to n-th power of channel transmittance and thus the communication distance is severely limited. In Ref. [19] , the efficiency of DFS against phase disturbance has been improved to be proportional to the channel transmittance with the use of a counter-propagating laser light for the ancillary photon from the receiver to the sender. Recently, the method was applied to general collective noise by introducing two independent transmission channels [20, 21] . In these improved DFS schemes, quantum interference between the idler photon and the coherent light pulse is used. In practice, the signal photon and the light pulse are expected to be prepared independently by the sender and by the receiver. However, in the demonstrations [19, 21] , the signal photon and the light pulse were prepared from the same laser source as is the case of the original DFS protocols in which both the signal and the ancillary photons are prepared by the sender. In addition, these experiments are performed in free space with bulk optics simulating the noises and losses of the optical fibres.
In this paper, we report DFS-protected entanglement distribution through optical fibres by preparing the signal and the ancillary photons from fully independent telecom light sources. We use entangled photon pairs prepared by cw-pumped spontaneous parametric down-conversion (SPDC) and the ancillary light pulse prepared by a modelocked laser. In general, precise spectral-temporal mode matching is necessary for achieving high-visibility quantum interference between independent light sources. In our system, cw-pumped SPDC with time-resolved measurement [22] achieves temporal mode matching with reference laser without active synchronization. The use of the coherent light pulse realizes spectral mode matching with the cw-pumped SPDC photon by using conventional frequency filters. This cw-pulse hybrid scheme will be useful for connecting different physical systems at a distance.
RESULTS

Counter-propagation DFS Protocol
In this section, we explain the DFS protocol for sharing an entangled photon pair through two single-mode fibres (SMFs). We assume that the SMFs are lossy collective noise channels i.e. the noise varies slowly compared to the propagation time of the photons forming the DFS such that the effect of temporal fluctuation of the noise during that period is negligibly small. No assumptions are needed for the correlation between the fluctuations in the two SMFs. As shown in Fig.1 , first, the sender Alice prepares a maximally entangled photon-pair |Φ + AB = (|HH AB + |VV AB )/ √ 2, while the receiver Bob prepares an ancillary photon |D R . Here, |H , |V and |D represent horizontal (H), vertical (V) and diagonal (D) polarization states of a photon. Then, Alice sends photon B to Bob through two SMFs after splitting the H-and V-polarized components of the photon B by using a polarization beamsplitter (PBS A ). Bob sends his photon R to Alice in the same way. After the transmission through the SMFs, the separated H-and V-polarized components of the photons B (R) are recombined by the PBS B(A) at Bob's (Alice's) side.
From the assumption of the collective noises, the transformation of the polarization state formed by photons A, B and R in the SMFs is expressed as
where α
i,j is the probability amplitude with which the i-polarized photon is transformed into the j-polarized photon through the forward(backward) propagation in the SMF ↑ and β
is the same for SMF ↓ . In the reciprocal media such as SMFs, α f [20] . After passing through the SMF ↑ and SMF ↓ , the H and V polarization photons are respectively extracted from the lower ports of PBS A and PBS B . Then, Alice and Bob obtain an unnormalized state as
The latter two terms in Eq.(2) are extracted by performing the quantum parity check (QPC) on photons A and R in Alice's side [23] . The Kraus operators K andK for the successful and failure events of the QPC are described by K = |HH A R HV| AR + |VV A R VH| AR andK = √ I − K † K, respectively. When Alice performs projective measurement {|D D|, |A A|} on the photon in mode R , the remaining polarization state shared between Alice and Bob becomes |Φ + A B or |Φ − A B according to the measurement result, where
|Φ − can be converted to |Φ + by performing phase flip operation on photon A . The overall successful probability of this scheme
Assuming that the phase shifts and polarization rotations are completely random and the transmittance of a single photon for each mode is T = |α H | 2 = |β V | 2 , the probability with which photon B and R transmit the lossy channels is O(T 2 ). This probability is improved to O(T ) by using coherent light pulse with an average photon number of µT −1 at Bob's side instead of the single ancillary photon [19, 20] . In the experiment, the entangled photon pairs are prepared by the spontaneous parametric conversion (SPDC) with the photon pair generation probability γ. At this average photon number, the condition for suppressing the accidental coincidence events caused by the multi-photon emission is 1 µ γ [19, 21] .
Experimental setup
The experimental setup is shown in FIG. 2 . At Alice's side, an entangled photon pair in |Φ + at 1560 nm is generated by the SPDC. For this, a periodically-poled lithium niobate waveguide (PPLN/W) is placed in the Sagnac interferometer with a PBS [24] , and 7-mW cw light at 780 nm with a diagonal polarization is injected as pump light. The pump light is removed from the SPDC photons by a dichroic mirror (DM1). At a half beam splitter (HBS A ), the SPDC photons are divided into two different spatial paths P1 and P2 with probability 1/2 and the entangled photon pair in |Φ + is prepared. We call the photon in path P2 as photon A and the photon in path P1 as photon B. We note that there are cases where the SPDC photon pair take the same path P1 or P2, but these events are removed by coincidence measurements which are described later.
Photon A is fed to the QPC circuit which we describe later. H-and V-polarized components of the photon B are divided by PBS A and sent to Bob through 1km SMF ↑ and SMF ↓ . After passing through the SMFs, they are recombined at PBS B . The photon in mode B extracted from the lower port of PBS B goes to photon detector D B .
At Bob's side, a weak coherent light pulse at 1560 nm is prepared for an ancillary photon R by difference frequency generetion (DFG) at another PPLN/W. The signal light for DFG comes from a Ti:sapphire (Ti:S) laser at 781 nm (pulse width of 100 fs, and repetition rate of 80 MHz) after a volume holographic grating (VHG1) with a bandwidth of 0.3 nm. The cw pump light at 1563 nm is prepared by DFB laser amplified to a power of 120 mW. After the DFG process, the 1563 nm pump light and the remaining 781 nm light are separated from the converted 1560 nm light by VHG2 with a bandwidth of 1 nm. The DFG light is set to a diagonal polarization by a HWP and sent to Alice in the same way as photon B through the two SMFs after reflected by a glass plate (GP) with a reflectance of 5 %. After the transmission, the light pulse from the lower port of the PBS A passes through the HBS A , and then goes to the QPC circuit.
At the QPC circuit, the H and V component of the coherent light pulse for photon R are flipped by the HWP, and the light meets photon A at the PBS. Alice projects the photons in the output mode R of the PBS onto the diagonal polarization by a HWP and a PBS. Finally, when Alice postselects the cases where at least one photon is detected at D R and D A and Bob postselects the cases where at least one photon is detected at D B , a maximally entangled state |Φ + is shared between the modes A and B . We used superconducting nanowire single photon detectors (SNSPDs) for D A ,D B and D R . The timing jitter of these SNSPDs is 85 ps each [25] . To attain a high fidelity QPC operation, precise spectral-temporal mode matching between the heralded cw-pumped SPDC photons and the coherent light pulse is required. Regarding the temporal mode matching, thanks to the asynchronous nature of cw-pumped SPDC photons, we can extract the event that the coherent light pulse and the heralded single photon exists at the same time by postprocessing. For the postprocessing, the electric signals from D R , D A , D B and the clock signal from the Ti:S laser are connected to a time-to-digital converter (TDC) which collects all of timestamps with time slot of 1 ps. Regarding the spectral mode matching, the heralded single photon and the coherent light pulse should be filtered by narrow frequency filters. We inserted frequency filters whose bandwidths are 0.1 nm for mode B and 0.03 nm for modes A and R . The coherence time of SPDC photons and coherent light pulse are measured to be 169 ps and 176 ps.
Experimental results
We first characterized the polarization state of the initial photon pair in paths P1 and P2 by performing the quantum state tomography [26] and using the iterative maximum likelihood estimation [27] . For this purpose, we inserted a pair of a HWP and a QWP in each output mode just after the HBS A . The reconstructed density operator ρ initial is shown in Fig. 3 (a) . The observed fidelity of ρ initial to the maximally entangled state defined by F = Φ + | ρ initial |Φ + was F = 0.94±0.01. This result shows Alice prepares highly entangled photon pairs.
Next, we performed the DFS protocol. The average photon number µ of the coherent light pulse after HBS A was set to µ ≈ 3.1 × 10 −1 per window time of 300 ps. The photon pair generation probability γ per coincidence between 300-ps window for idler photons and 100-ps window for signal photons was measured to be γ ≈ 9.0 × 10 −3 . The reason for employing large detection widows for D A and D R is to increase the count rate. γ and µ satisfy the condition 1 µ γ. Using the three-fold coincidence events among D R , D A and D B (see Method), we reconstructed the density operator ρ DFS of the photon pair shared between Alice and Bob. The real part and imaginary part of ρ DFS are shown in Fig. 3 (b) . The observed fidelity to |Φ + was F = 0.64 ± 0.1. The maximized fidelity with the local phase shift defined by
The result shows that the DFS scheme protects the entanglement against the collective noise in 1 km of SMF.
DISCUSSION
We discuss the reason for the degradation of the fidelity. Assuming the perfect mode matching between the coherent light pulse and the photon heralded by photon detection at D B , we investigate the influence of multiple photons in the coherent light pulse and the multiple photon pair emission of SPDC on the fidelity. Based on the analysis in Ref. [24] , we construct a simple theoretical model and derive the relation among the intensity ratio of heralded photon to coherent light pulse, the intensity correlation function of the heralded photon and the coherent light pulse and signal to noise ratio of polar-ization of the heralded photon. We introduce the polarization correlation visibilities of the final state defined by V Z := |P HH +P VV −P HV −P VH |/(P HH +P VV +P HV +P VH ), V X := |P DD +P AA −P DA −P AD |/(P DD +P AA +P DA +P AD ) and V Y := |P RR + P LL − P RL − P LR |/(P RR + P LL + P RL + P LR ), where P mn is the coincidence probability among D R with D-polarization, D B with m-polarization and D A with n-polarization. Here, m, n =H, V, D, A, R, L, where A, R and L represent antidiagonal polarization, right circular polarization and left circular polarization, respectively. Then, the fidelity of the final state is given by F = (1 + V Z + V X + V Y )/4. The explicit formula and detailed derivation are described in the supplemental material. We assume that the intensity correlation function of the stray photons is 2 and that of the coherent light pulse is 1. From the experimental result, the signal to noise ratio of polarization of the heralded single photon is 56 and the intensity ratio between the heralded single photon and the coherent light pulse is 0.28. By running another experiment, the intensity correlation function of the heralded single photon was estimated to be 0.098. Using these parameters, we estimate the theoretical value of fidelity as 0.81. This value is slightly higher than the experimentally-obtained value to be 0.75. We guess the gap of 0.06 is caused by the frequency mode mismatch between the signal photon and the coherent light pulse.
The above analysis indicates that the main cause of the degradation of the fidelity stems from multiple pairs in SPDC photons and/or coherent light pulse. Decreasing mean photon numbers of the sources leads to the higher fidelity, but the rate of sharing entanglement between Alice and Bob gets smaller. Introducing frequency filters with higher transmittance, low-jitter photon detectors [28] , and frequency multiplexing [29] will help to decrease pump intensity while keeping the entanglement sharing rate.
METHODS
Data processing
Here, we describe the details of data processing. The three-fold coincidence events are obtained as follows. The electric signal from the pulse laser is used as a start signal, and the electric signals from D A , D R , and D B are used as stop signals. The histograms of the stop signals are shown in Figs. 4 (a) , (b) and (c). In Figs. 4 (a) and (b), a higher peak and a lower peak are observed in every 12.5ns (=1/80MHz). The higher peak, which is the desired one, is obtained when photon R from Bob transmits the HBS A . On the other hand, the lower peak as the unwanted peak is obtained when photon R is reflected by the HBS A and passes through the Sagnac loop. Such unwanted peaks are also observed in Fig. 4 (c) by the photon R coming back to Bob's side after traveling the Sagnac loop. In the experiment, we removed these unwanted detection events by proper settings of the coincidence time windows. Since the entangled photon pairs are emitted continuously, when we postselect the higher peaks in Fig.  3 (a) or Fig.3 (b) , an additional peak as a counterpart of the photon pair appears at ∆t 3 in the delayed signal at D B . As an example, we show the two-fold coincidence counts between D A and D B in Fig. 4 (d) . We extract the successful events of the DFS protocol by summing up the three-fold coincidence events among D A , D R and D B with timings ∆t 1 , ∆t 2 and ∆t 3 , respectively. The widths of the coincidence windows are set to be 300 ps for D A and D R , and 100 ps for D B respectively.
CONCLUSION
In conclusion, we demonstrated the DFS protocol with counter-propagating coherent light pulse generated by a fully independent source at telecom band over 1 km of SMFs. In the demonstration, we employed cw-pulse hybrid system, i.e. a pulsed coherent light source and a continuously emitting photon pair source with timeresolved coincidence measurement, which enables us to perform the DFS scheme without synchronizing independent sources. The fidelity of the shared photon pair was 0.75±0.10, which indicates that entanglement is protected by the DFS after traveling in the SMFs. In practical use, the communication distance of the DFS protocol is limited by the stability of the optical fibre since the noise for the signal photon and the counter-propagating coherent light pulse must satisfy the collective condition. In this regard, a field experiment shows the fluctuations in a 67-km optical fibre are much slower than the round trip time [30] . We believe that our result will be useful for realizing faithful entanglement distribution over a long distance. In this supplemental material, we discuss the reason for the degradation of the fidelity of the final state based on the theoretical analysis in Ref. [22] . We define the coincidence probability among D R with D-polarization, D B with m-polarization and D A with n-polarization by P mn for m, n =H, V, D, A, R, L, where A, R, and L represent antidiagonal polarization, right circular polarization and left circular polarization, respectively. Assuming that the single detection probability at D B does not depend on the measured polarization m, we define polarization correlation visibilities of the final state as: V Z := |P HH +P VV −P HV −P VH |/(P HH +P VV +P HV +P VH ), V X := |P DD +P AA −P DA −P AD |/(P DD +P AA +P DA +P AD ) and V Y := |P RR + P LL − P RL − P LR − |/(P RR + P LL + P RL + P LR ). Then, the fidelity of the final state is given by
In the following, we estimate the influence of the multiple photon generation at the SPDC photon source and the coherent laser pulse on the polarization correlation visibilities of the final state, while assuming the perfect indistinguishability. The model is shown in Fig 5. The states input to the quantum parity check from modes 1 and 2 are the state heralded by photon detection at D B and D-polarized coherent state (average photon number: s 2 , intensity correlation function: 1). We assume that when an m-polarized photon in mode 3 is detected at D B , it heralds m * -polarized signal photons (average photon number: s 1 , intensity correlation function: g
s ) in mode 1, while multi-pair emission from the SPDC source produces m -polarized noise photons (average photon number: n 1 , intensity correlation function: 2) which have no correlation or phase relations with signal photons. m * is complex conjugate to the m-polarization and mpolarized state is orthogonal to m * -polarized state. Here, we assume that s 1 , n 1 and g (2) s do not depend on heralding polarization m. As in our experiment, we assume that the overall transmittance of the system including the quantum efficiencies of D A , D R and D B are much less than 1 such that the detection probabilities are proportional to the photon number in the detected mode.
Under the above assumptions and conditions, we first derive V Z . The coincidence probability P mH is given by
where η i is the transmittance of the system in modes i = 1 , 2 . Here, we introduced the annihilation and creation operatorsb i,m andb † i,m of the m-polarized photons in the output modes of PBS for i = 1 , 2 . They satisfy the commutation relation as [b ik ,b † i k ] = δ ii δ kk . Similarly, we define the annihilation and creation operatorsâ i,m andâ † i,m of the m-polarized input modes, which satisfy the commutation relation as [â jk ,â † j k ] = δ jj δ kk . Using a unitary operatorÛ of the PBS satisfy-
Rewriting the operators in mode 2 of Eq. (6) in terms of the polarizations D and A, we obtain
For calculating P HH , we substitute â † 1Hâ 1H
Similarly, P VH is calculated by substituting â
In the same manner, P mV is calculated as
For calculating P VV , we substitute â † 1Vâ 1V = s 1 , â † 1Hâ 1H = n 1 , â † 2Dâ 2D = s 2 and â † 2Aâ 2A = 0 leading to
P HV is calculated by substituting â †
1Vâ 1V
= n 1 , â † 1Hâ 1H = s 1 , â † 2Dâ 2D = s 2 and â † 2Aâ 2A = 0 as
From Eq. (8), (9), (11) and (12), the visibility V z is calculated to be
where χ s = s 2 /s 1 and χ n = n 1 /s 1 .
Next, we calculate V x . The coincidence probability P mD is given by In the same way, P mA is calculated as From Eq. (15), (16) , (18) and (19), the visibility V x is calculated to be V x = 2χ s (1 − χ n ) χ 2 s + 2χ 2 n + g (2) s + 2(χ n + 1)χ s .
The coincidence probabilities P RR , P RL , P LR and P LL are calculated in a similar manner, which leads to V x = V y . As a result, we obtain
In our experiment, the parameters g
s , χ s , and χ n are obtained as follows. The intensity correlation function g (2) s = 0.098 is obtained by running another experiment. The average number of the m * -polarized heralded photon s 1 is estimated from the experimental data. The detection probability of H-polarized photon at D R conditioned on the H-polarized photon-detection at D B is given by s 1 := C HH (D R ∩ D B )/S H (D B ) = 6.0 × 10 −3 , where C HH (D R ∩ D B ) is the two-fold coincidence count between D R with H-polarization and D B with Hpolarization, and S H (D B ) is the single detection count at D B with H-polarization. The relation between s 1 and s 1 is given by s 1 = s 1 /η d , where η d is the system transmittance after the PBS including the quantum efficiency of the SSPD. Similarly, n 1 is given by n 1 = n 1 /η d , where n 1 := C HV (D R ∩ D B )/S H (D B ) = 1.1 × 10 −4 . Then, χ n is calculated to be χ n = n 1 /s 1 = n 1 /s 1 = 0.018. Finally, we estimate the average photon number of the coherent light pulse s 2 . This is given by s 2 = s 2 /η d , where s 2 = 2S H (D R )/f = 1.7 × 10 −3 . Here f is the repetition rate of the mode lock laser. The factor 2 arises from the fact that D-polarized coherent light pulse is divided into two at the PBS. Then, χ s is given by χ s = s 2 /s 1 = s 2 /s 1 = 0.28.
Using those parameters, Eq. (13), (20) and (21), we obtain V z = 0.76, V x = 0.74 and F = 0.81.
